Fundamental role of two-dimensional massless pseudoscalar fields with their locality condition for direct integration of formal Heisenberg equations of the Federbush model is shown. Deep reasons of the model solubility are revealed. The meaning of the linearization procedure for these equations and of Schwinger terms is elucidated.
Introduction
Generalizing methods, leading to solution in sufficiently simple models, one can hope to develop a solving technique for comparatively non-trivial and physically important problems. Examples of such, partly or entirely, solvable models are models of four-fermion interactions in two-dimensional space-time and related with them non-linear bosonic models of the sine-Gordon (SG) type. The relentless interest to these models is due to the fact that their non-Abelian four-dimensional analogs are successfully used for analysis and explanation of various non-perturbative effects in modern theory of strong interactions, such as: description of the processes of quark hadronization and phenomenon of spontaneous symmetry breaking [30] , [37] , [9] . They serve also as a "testing ground" for various non-perturbative methods [6] .
Recently Faber, Ivanov in their series of papers [10] - [16] , following Morchio et al. [28] , [29] , re-examined some ambiguities of the Thirring model [38] , [22] , [5] and elucidated existence of two-dimensional massless (pseudo-) scalar fields and their important properties for the model solution.
The aim of the present work is to establish a similar role of those fields also for a direct step-by-step integration of the Heisenberg equations of the Federbush [17] model, and to advocate as a general method the corresponding linearization procedure, established previously for some non-relativistic and relativistic phenomenological models [24] , [40] .
In order to linearize Heisenberg equations we use the notion of physical fields [39] . We recall that Heisenberg equations are formal relations between operators, as long as they are not defined on a corresponding vector space [4] . This implies, that in order to give a physical meaning to the quantum-field-system description by means of the Heisenberg fields Ψ, it is necessary to represent them in a space of physical states, that, in turn, necessitates to express them in terms of physical fields ψ. The relationship between the Heisenberg and physical fields is called Haag's expansion or dynamical mapping (DM) [20] , [21] , and can be formally written in the form of equality only in a weak sense: Ψ(x) w = Υ[ψ(x)]. After quantization of the physical fields, satisfying some free field equations, one obtains the HE and DM in the normal-ordered form with respect to creation and annihilation operators of a chosen set of physical particles. This normal-ordered form in fact is equivalent in the sense of DM to their primary representations as a weak limit, but is, of course, representation dependent [4] .
Since dynamical HEqs. contain time derivatives it is necessary to make a choice of initial conditions. There are two physically different choices, respectively leading to the essentially different sets of the physical fields: to the usually used asymptotic in-fields [39] , [5] , if, as t → −∞, one has lim
or, alternatively, to the Schrödinger ones [32] , [33] , [35] , if one has lim
. Surprisingly that the latter choice, which we have used here and have advocated in the previous works for the bound-state problem [24] , [40] , was historically used first namely for construction of the solution of the Federbush model [17] , [41] .
The work is organized as follows. Firstly we recall a linearization procedure for HEqs. Then we obtain their solutions in terms of the Feynman functional integrals calculated by pure algebraic operator methods using the bosonization rules and properties of free massless fields. In Summary we discuss the main points of the work, clarified in Appendixes.
Step 1. Linarization of Heisenberg equations
The model under consideration describes a non-conserving-parity local interaction of the two different two-component Fermi fields Ψ ξ (x) in two-dimensional space-time 1 with different masses m ξ , ξ = ±1, and is defined by the Lagrangian density, bilinear in two Noether vector currents J ν ξ(Ψ) (x) = Ψ ξ (x)γ ν Ψ ξ (x). Splitting the total Hamiltonian of the model into the free and interaction parts for x 0 = t as:
and using the equal-time anticommutation relations for the Heisenberg operators:
we get the formal local HEqs. for the fields Ψ ξ (x):
5)
we even need not to symmetrize or to pass the operator product in the r.h.s. of HEqs.
(2.4) into the normal-ordered form, but the careful definition of the "currents" V −ξ(Ψ) (x) in Eq. (2.5) is still necessary. On the other hand, in order to linearize Eqs. (2.4), we should determine at first all the dynamics of these "currents". For the begining for these purposes we rewrite them in the more convenient and general notations: ν =⇒ A,
and then by means of Eqs. (2.1)-(2.6), we find for these "currents" the formal HEqs.:
Of course the conditions (2.7d) are satisfied by any set of the mutually commuting matrices O A ,Õ B . But the final Eq. (2.7e) implies also the absence of possible contribution originating by Schwinger terms. Only under the last assumption, discussed in Summary and Appendix B, the evolution of operators V −ξ(Ψ) (x) is governed only by the free oneparticle Hamiltonian H 0(Ψ) (t) leaving just the line (2.7b). A simple main observation of our approach 2 , developed in [40] , [24] , is, that since the contribution responsible for the interaction vanishes, these operators in the Heisenberg-field representation, as solutions of Eq. (2.7e), are in a sense of DM equivalent to itself in some free-trial-physical field representation which for this model we can choose as free fields ψ −ξ (x) with appropriate mass m −ξ . In other words, the DM Υ[ψ] leaves invariant a form of these "currents". That is
where the second line is written on the ground, that just these and only these "currents" determine interaction in the HEq. (2.4), so that the latter comes into the linearized form:
Strictly speaking the operator product in the r.h.s. now should be symmetrized or normalordered. However we show below that the correct result may be obtained proceeding from Eq. (2.9). In the dynamical point of view the suggested linearization condition (2.7e), as a free equation of motion for Heisenberg "currents", is the natural and straightforward extension of the usual vector current conservation condition. Indeed, supposing for a moment the unit matrices in Eq. (2.6) for all A, O A =⇒ I, we immediately turn Eq.
(2.7e) into the well-known divergence identity for the vector current, that is:
Thus the conservation of the local Heisenberg vector current with corresponding fermionic charge Q −ξ(Ψ) (t) is equivalent to the fact, that the time evolution of its zero component
is governed only by the free part H 0(Ψ) (t) of the total Hamiltonian H (Ψ) (t) (similar phenomenon in the SG model is described in Ref. [7] ). However, since the component 
Step 2. Feynman functional representation of the solution
The linearized HEq. (2.9) allows one to write at once its formal solution in the chosen representation of the physical fields (2.8), as a time-ordered (T -ordered) exponential of different sets of mutually non-commuting operators,
where the Schrödinger initial conditions at t = 0 are imposed. Following Feynman [18] , the Heisenberg field (3.1) for T > 0 may be reconstructed from the initial field Ψ ξ (x 1 , 0) using the matrix element of the evolution kernel Y (ψ −ξ ) , which in turn is expressed as functional integral over phase space variables x 1 (η) and p 1 (η):
However, the integrand here still contains different simultaneously time-ordering structures, the γ-matrix and the field ones T γ,ψ −ξ [. . . ]. Nevertheless, the explicit form of the
, η to obtain for the matrix element, returning to the previous designation p 1 (η) withẋ µ (η) = (1,ẋ 1 (η)), the following expression:
The most important property of this expression is the splitting of the γ-matrix and the field operator orderings, that moreover, are integrated over different functional variables. It is a simple matter to see that up to this point the value of space-time dimension does not play any essential role: all above transformations yield the results, similar to Eq. (3.3), when the linearization conditions (2.7) are satisfied in higher-dimensional case as well [24] . 4 Step 3. Bosonization and T -ordering
Bosonization
The vector current of the free massive Dirac field is defined by means of antisymmetrization or normal-ordering of formal field product [2] . Due to the particular property of twodimensional space-time, like γ 5 γ µ = ǫ µν γ ν , together with its conservation law (2.10), this free massive current bosonizes to a pseudoscalar field Φ −ξ (x) [25] , [41] :
leading to the simple full-derivative representation:
that recasts the first of time-ordered exponentials in Eq. (3.3) to the form:
Thus we bring the problem of T -ordering of the exponential containing operators, quadratic in the Fermi fields, to the problem of T -ordering of an exponential with operator, linear with respect to the pseudoscalar field. This is considerably more simple exercise especially for the free bosonic case, as is shown in Appendix A. Missing relation between the pseudoscalar field Φ −ξ (x) and the free pseudoscalar one φ −ξ (x) is found in the next subsection.
Reduction to the free massles pseudoscalar fields
A simple way to connect the field Φ −ξ (x) with the free one φ −ξ (x) comes from the relationship between the massive ψ −ξ (x 1 , t) and the massless χ −ξ (x 1 , t) free Dirac fields, with formally unitary transformation operator G −ξ (t), so that for arbitrary t, from
Now we temporarily omit for brevity the index −ξ, using m −ξ = m and so on, to obtain, by means of these Dirac equations, the relations:
where the solution (4.5b), (4.5c) of Eqs. (4.5a) in terms of operators χ(x 1 , t) is obtained by means of corresponding equal-time anti-commutation relations of the type (2.3).
The following comments are in order. First of all, we note, that operator of the same type as R(t) is present in Hamiltonian (2.2) and should exist under appropriate regularization for example in normal-ordered form [41] , [11] . The G(t)-transformation relates the time evolutions of two different free quantized fields, each of them is defined on corresponding space of states. It makes a sense of usual Bogoliubov transformation diagonalizing a free massive fermionic Hamiltonian in terms of the massless fields for arbitrary time t similarly to [3] , [4] . The operator G(0) can be used to define additional initial conditions. Because this operator does not affect further calculations and their results, we eliminate it further on choosing as G(0) =⇒ I.
The famous bosonization rules [8] , [19] , [23] , for the free massless fields χ(x), φ(x):
give now for these fields the equation similar to Eq. (4.2) and result in the relations:
where index −ξ is assumed for all quantities. The value of υ depends on the renormalization prescription chosen for normal-ordering procedures of Bose and Fermi fields [12] , assumed in both sides of Eqs. (4.6). Because these procedures are irrelevant for our further operator transformations we will not specify further the value and the sign of υ. The next comments concern the properties of the field Φ(x). They may be easy established by substitution into the free field equation the relation inversed to those like Eq. (4.4c), (4.7), in common with bosonization rules (4.1), (4.6) for x 0 = t. Namely:
Using here Eq. (4.5c) we arrive at the following form of second-time-derivative:
where the commutator may be computed from (4.8) by using the canonical commutation relation for the free pseudoscalar field, ∂ 0 φ(x 1 , t) , φ(y 1 , t)) = −iδ(x 1 − y 1 ), as:
Thus repeated use of second relation (4.9) leads to the equation of motion of the SG type:
which is reproduced by the well-known SG Lagrangian density [8] , [11] , [27] :
(4.13)
Conversion of the T -exponential into the unordered form
Now we are ready to dispose of the T -ordering in Eq. (4.3). This problem is simplified by using the well-known directly checking operator formula for the T -exponentials [26] : According to Eqs. (7.10), (7.11) of Appendix A, the T -exponential (4.3) for the case of free (pseudo-) scalar field is independent from trajectory x 1 (η) and depends only on its end points: 
From Eqs. (4.8), (4.17) with locality condition (7.1) for the field φ(x) it is a simple matter to see that for x = x(η) = (η, x 1 (η)), y = (η, y 1 ), one has: 19) and the integrand in Eq. (4.18) is reduced to R(η). Therefore, by means of (4.1), (4.6), (4.4c), we arrive at the final expression for the T -exponential of Eqs. (4.3) = (4.18), as:
where
is a c-number phase factor, which is different from unity only if the absolute value of velocity |ẋ 1 (t)| during the evolution has crossed the speed of light odd number of times.
Step 4. Initial and Heisenberg fields
Now we are able finally to obtain the solution of the Federbush model [6] , [34] , [41] . First of all we notice that above obtained expression (4.20) for the T -exponential is fully independent from trajectory x 1 (η) and factorizes out from the functional integral in Eq. 
In order to confirm (5.1b) by direct calculations, the relation [30] is useful:
together with use of Fourier-representation for the delta-function. From the (5.1) above it follows, that in order to obtain the correct solution for x 1 (T ) = x 1 , the initial field for x 1 (0) = y 1 should be chosen as: 0) , leading to solution:
It should be stressed that, as a solution of linear homogeneous equation (2.9), this expression may be easy renormalized following Wightman [34] , [41] by dividing the r.h.s. of Eq. (5.3) on the vacuum expectation value 0| exp [− igΦ −ξ (x))] |0 . The factor Ω(T, 0) (4.21) in Eq. (7.9) of Appendix A is originated by a non-vanishing contribution of zero modes into the dimensionless Pauli-Jordan commutator function (7.2) of the two-dimensional free massless (pseudo-) scalar fields. As was shown by Faber et al. [13] - [16] , these collective modes are not affected by the dynamics and their consecutive removal from the theory is a way of making a sense to the free massless two-dimensional (pseudo-) scalar field. With this interpretation the value |ẋ 1 (t)| is a constant velocity of the "center mass system" of the massless field φ −ξ (x) [15] decoupled from everything, and Ω(T, 0) ≡ 1 for all T .
Summary
We have shown, how the solution of the Federbush model may be obtained by direct integration of linearized formal HEqs using the notion of physical fields. These fields is useful to take as the Schrödinger ones, because the latter form a full set for boundstate problem as well [40] , [24] . We have revealed a fundamental role of a free massless pseudoscalar field for this procedure. We have found, that solubility of the model, besides the linearization (2.9) and the bosonization (4.1) properties, hides in the full-derivative expression (4.2) for interaction term with arbitrary trajectory in time-ordered exponential of path integral representation for the evolution kernel (3.3) of Heisenberg field. It is worth to note that the suggested method may be applied to another solvable models like the Thirring model [38] , [41] , [5] , and the model in Ref. [1] , as well as to some four-dimensional ones [24] .
Our last comments concern a possible contribution into Eq. (2.7c) originating by a Schwinger term. For the massless Thirring model it may be shown that its invariant contribution vanishes independently of the value of a constant in the current commutator. On the one hand, it is well-known [11] , [36] , that this constant directly depends on the chosen physical field representation -chosen space of states. On the other hand, it was shown [31] , that for the Federbush model its value strongly depends on a chosen pointsplitting prescription for the Heisenberg vector current in HEqs. (2.4), (2.5), (2.7) . That is why in this work we prefer to deal only with a local current. Thus the Schwinger term does not enter into these HEqs. (see Appendix B), because it becomes meaningful only after identification (2.8) determining the representation space.
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Appendix A
For generality, let us consider the time-ordered exponential of the total derivative of the free massive (pseudo-) scalar field ϕ(η) = gφ(x 1 (η), η), taken on an arbitrary trajectory x 1 (η), where its commutator function ∆ m (t|η) is expressed via Bessel function J 0 (z) as:
Since this commutator is a c-number, by repeated application of the well known formula:
, one can obtain for the T − exponential: The commutator function ∆ m (η|τ ) is discontinuous on the light-cone, at η = τ , and its derivative has a singularity there. Therefore the expression for the integral in the last exponential is indefinite and should be redefined as the following limit with σ → +0 of:
For the latter derivative, using the Taylor expansion of the trajectory x 1 (η − σ) with respect to σ > 0, and changing the momentum variables as q µ = σk µ , we obtain:
After these changes the integral (7.5) becomes:
.
Because J 0 (z) = 1 + O(z 2 ), it is easy to see, that mass dependance of (7.2) leads here just to the terms of the σ order. So, as σ → +0, the direct substitution δ(q 2 − σ 2 m 2 ) → δ(q 2 ), gives for the integral (7.7):
The integrand in (7.8) does not depend on γ at all near the point γ = 1, and its corresponding derivative vanishes, eliminating the contribution singular at σ → +0. The remaining integral is taken immediately, leading to the expression for the linit:
As a result, the time-ordered exponential (7.3) takes the following form:
This result is of fundamental importance for all computations, because it depends on the values of an unknown trajectory x 1 (η) and velocityẋ 1 (η) only at initial and final points, t = 0 and t = T . Moreover, the phase factor (7.9) in (7.10) becomes the same for both the massive and massless cases, that, on the one hand, corresponds to mass independence of the light-cone behavior, but on the other hand, due to dimensionless nature of the commutator function (7.2), represents by the construction (7.5)-(7.8) the non-trivial infrared properties of the massless (pseudo-) scalar field, such as existence and non-zero contribution of its zero modes [13] - [16] .
Because γ 1 = γ 0 γ 5 , the "non-interacting" and "interacting" parts of HEqs. (2.7a)-(2.7c) may be transcribed straightforwardly as following:
Matching the independent matrix structures I and γ 5 of these two equations we easy recognize both vector current and axial vector current divergence identities if the "interacting" part vanishes. Therefore the conservation of Heisenberg vector current (2.10) preserves here the absence of contribution (8.2) to the r.h.s. of Eqs. (2.7a)-(2.7c), originating by a Schwinger term, because for the given interaction H I(Ψ) (t) (2.1), (2.2) the both commutators in the r.h.s. of Eq. (8.2) are vanished or not only both together. Thus we come to conclusion, that for the Federbush model the transformation of "currents" (2.8), generated by the DM (5.3) with pseudoscalar field Φ −ξ (x 1 , t) and normalordered with respect to the Schrödinger free-fermion physical fields ψ ξ (x) as:
leaving invariant the local form of the vector current components J ν −ξ(Ψ) (x) =⇒ J ν −ξ(ψ) (x), changes drastically their commutation properties, extending their algebra by the Schwinger term [34] , [41] , whereas for the conserving charges (2.11):
the algebra stays unchanged.
